We study the 2d N = 4 gauge theory descriptions of little strings on type II NS5-branes. The IIB strings on N NS5-branes are described by the N = (4, 4) gauge theories, whose Higgs branch CFTs on U (N ) instanton moduli spaces are relevant. The IIA strings are described by N = (4, 4)Â N −1 quiver theories, whose Coulomb branch CFTs are relevant. We study new N = (0, 4) quiver gauge theories for the IIA strings, which make it easier to study some infrared observables. In particular, we show that the elliptic genera of the IIA/IIB strings precisely map to each other by T-duality.
Introduction
Little string theories with 16 supercharges [1, 2, 3, 4, 5] are obtained by decoupling limits of the type II strings near N NS5-branes. They are non-local theories without gravity. Depending on whether we start from type IIA or IIB NS5-branes, the system has (2, 0) or (1, 1) superPoincare symmetry, respectively. Since NS5-branes are one of the most difficult nonperturbative objects to study in string theory, it would be very desirable to have better understanding on these strings. Also, the type IIA little string theory has interesting low energy limit given by interacting (2, 0) superconformal field theories. Little strings have similarities with critical strings, and also differences. The fact that it does not contain gravity would be the main difference, with far-reaching implications. However, being non-local theories, it inherits from the type II strings various stringy properties, such as the T-duality. So after circle compactification, the two little string theories are supposed to be T-dual to each other.
Unlike critical strings, noncritical little strings are difficult to study. Some approaches to study them are: holographic approach [3, 4] , discrete lightcone quantization [1, 2, 6, 7] , the double scaling limit [8, 9] . In particular, the DLCQ approach considers the little string theory compactified on a small circle, in which one studies a sector with definite momentum which is decoupled from the rest. Via T-duality, the DLCQ description can be obtained by a large radius compactification of the T-dual strings with definite winding number.
In this paper, we study the QFTs living on the little strings macroscopically extended on R 1,1 . They describe 2d decoupled degrees living on these strings at low energy. Such theories are studied in detail in the literature [6, 7] . One starts from 2d N = (4, 4) gauge theories, which flow to interacting CFTs and describe these strings. Compactifying these strings on large circles, the ground energy is proportional to the radius times the winding quantum number, much larger than the momentum energy scale. So we can consider a low energy decoupled sector with fixed winding quantum numbers. They also have direct relevance to the study of DLCQ little strings under T-duality, in which the momentum is fixed. In this paper, we make a modest contribution to constructing such UV theories for the little strings, on the IIA side starting from N = (0, 4) gauge theories. The system is proposed to flow to a CFT with enhanced (4, 4) SUSY. Compared to the (4, 4) gauge theories discussed in [7] , the new description has an advantage of manifestly having certain IR symmetries in UV, which is very crucial for computing some protected IR observables such as the elliptic genus. Our (0, 4) UV QFTs are similar to those for the self-dual strings of the (2, 0) superconformal field theory, called 'M-strings' [13] .
With T-duality, the spectrum of the circle compactified theories would be the same for IIA and IIB little strings. We would like to probe this T-duality with the above gauge theory descriptions for macroscopic strings. In general, these descriptions are valid only when the compactification radii are large. As the T-duality exchanges the IIA and IIB radii as R A = α R B , the two gauge theory descriptions will never be simultaneously reliable. However, one naturally expects that the protected BPS spectrum would be reliable all the way to small radii.
In this paper, we study the T-duality of little strings in the BPS sector, from the UV gauge theory descriptions. In particular, being able to compute the elliptic genus indices on both IIA and IIB sides, thanks to our new gauge theory descriptions, we can directly compare their BPS spectra. We find, in fugacity expansions to highly nontrivial orders, that the two elliptic genera precisely map to each other via T-duality. 1 Apart from confirming the naturally 1 In order to better define our spectral problem, without continua coming from the 'throat' regions [6, 10, 7] , we turn on the Fayet-Iliopoulos (FI) term and the theta angle of the gauge theories on the worldsheet. Also, to avoid having infrared problems with tensionless fractional strings or W-bosons, we separate the N NS5-branes and study the massive spectra.
expected T-duality, our finding is establishing a very nontrivial identity between the elliptic genera computed from the type IIA and IIB sides, so that alternative expressions can be used to extract various properties which would have been very difficult to see from the other viewpoints. For instance, we explain in section 5 how one can easily understand the SL(2, Z) × SL(2, Z) transformation properties of the elliptic genus, for the complex structure and Kahler parameters of the torus, by using our T-dual expressions for the elliptic genus.
The rest of this paper is organized as follows. In sections 2 and 3, we explain the 2d gauge theory descriptions of the IIB and IIA little strings, respectively, and study their elliptic genera. In section 4, we study the T-duality of the two elliptic genera, as well as extended duality/triality properties. In section 5, we study the SL(2, Z) transformation properties of the elliptic genus in various fugacities. Section 6 concludes with brief discussions.
IIB little strings 2.1 A brief review
We first consider the type IIB little strings, which are the type IIB fundamental strings bound to the NS5-branes. At low energy, the world-volume description of IIB NS5-branes is given by 6d maximally supersymmetric Yang-Mills theory, with (1, 1) supersymmetry and U (N ) gauge group. The fields consist of the gauge field A µ=0,··· ,5 , 4 scalar fields φ I=1,··· ,4 , and fermions.
These degrees are provided by the D-strings ending on the NS5-branes. The bosonic symmetry of the theory is SO(1, 5) × SO(4) R . SO(1, 5) is the Lorentz symmetry on the NS5-branes, and SO(4) R is the symmetry on their transverse directions, which rotates φ I . The Yang-Mills coupling constant is given by
Fundamental strings form threshold bounds with the NS5-branes. They are identified as the instanton strings in the 6d SYM. The instanton string tension is given by
agreeing with the tension of the fundamental string. The coupling constant is independent of the 10d string coupling constant, g s . So one can take the little string theory limit, in which we take g s → 0 with fixed α . All the gravitational degrees of freedom are decoupled.
We shall consider k macroscopically extended little strings, extended along R 1,1 part of R 5,1 .
We are interested in the dynamics of the degrees of freedom supported on these macroscopic strings, decoupled from the rest of the 6d degrees at low energy. The system of k F1 and N N = (4, 4) Table 1 : N = (4, 4) supermultiplets for k IIB strings.
NS5-branes admit a UV gauge theory description given by a U (k) gauge theory with N = (4, 4) supersymmetry. The field theory is identical to that living on the D1-D5 system via S-duality, and has been studied extensively in the literature, e.g. [6, 7, 10] . This 2d theory at low energy can also be regarded as the worldsheeet description of the instanton strings of the 6d SYM theory. The gauge theory has the U (k) N = (4, 4) vector multiplet, an adjoint hypermultiplet, and N fundamental hypermulitiplets which host U (N ) global symmetry. These fields are shown in Table 1 , and more details about this theory is explained in Appendix A. For later convenience, we also show the supermultiplet structure with respect to the right-chiral (0, 4) SUSY. The bosonic symmetry preserved by the strings is SO(1, 1)×SO(4) ⊂ SO(1, 5) times SO(4) R , where the latter is inherited from the R-symmetry of the 6d theory. For SO(4) ∼ SU (2) L1 × SU (2) R1 and SO(4) R ∼ SU (2) L2 × SU (2) R2 , we introduce the following doublet indices,
3)
The fields in Table 1 and appendix A are given with this convention. The 6d (1, 1) supercharges can be written as Q aα+ , Q A α− , Qα a+ , Q Aα − , where ± denote 6d chirality. These supercharges satisfy the reality conditions given by
(2.4) The strings extended on R 1,1 preserve Qα a+ and Q Aα − , forming 2d N = (4, 4) supersymmetry. The ± subscripts on 2d fermions denote left/right chiralities, respectively. In Table 1 , the (4, 4) Higgs branch fields a αβ and qα form the so-called ADHM data of k multi-instantons of U (N ) gauge theory. This is because the IR dynamics of this gauge theory will be describing the 6d instanton strings, as we shall explain in more detail now.
The infrared dynamics of this (4, 4) theory has been studied in [6] . Its low energy dynamics is described by two decoupled (4, 4) conformal field theories. One is the conformal field theory on the Higgs branch described by a nonlinear sigma model on the Higgs branch target space, given by k instanton moduli space. Another is the conformal field theory on the Coulomb branch.
For studying the type IIB little strings, the Higgs branch CFT is of relevance. The Coulomb branch degrees ϕ aA represent the motion of the strings moving away from the 5-branes.
There is a peculiar singularity in the region near qα = 0, a αβ = 0, where the Higgs branch classically meets the Coulomb branch [6, 7, 10] . Quantum mechanically, this region forms a 'throat,' which is responsible for a continuum in the CFT spectrum. The CFT can be deformed by turning on the SU (2) R1 triplet of Fayet-Iliopoulos term ζ I (I = 1, 2, 3) and the theta angle θ, after which the last continuum disappears. In particular, the Higgs branch moduli space becomes regular, and the Coulomb branch is no longer connected to the Higgs branch even classically. We shall consider the little string spectrum with nonzero FI term, from the elliptic genus index [14] of the gauge theory. (The continuum will be completely lifted, not only by the FI-term but also with the Coulomb VEV of the 6d SYM to remove the infrared continuum.) In particular, with nonzero FI parameter, the elliptic genus will acquire contribution only from the Higgs branch CFT for the IIB little strings, and not from the Coulomb branch CFT that we are not interested in.
The elliptic genus of IIB little strings
In this subsection we shall define and explain the elliptic genus of the gauge theory compactified on circle, counting 1 4 -BPS states in the Coulomb phase of the 6d theory, which shall be further studied in sections 4 and 5. This is a supersymmetric partition function on a torus with complex structure τ . We choose a supercharge Q = Q A=1,α=2 and define its index, with q ≡ e 2πiτ ,
.
(2.5)
P is the momentum on the string compactified on the circle, and H is the energy, in the unit of inverse-radius R −1 B of the circle. 2H L = H + P and 2H R = H − P are defined as the leftmoving and rightmoving momentum, respectively. J L1,2 and J R1,2 are the Cartans of SU (2) L1,2 and SU (2) R1,2 . Since {Q, Q † } = 2H R and Q commutes with all the other factors in the trace, the index counts only the BPS states annihilated by Q and Q † , and it is independent ofq. Π i 's are the Cartans of U (N ). α i 's are the chemical potentials for electric charges, interpreted as the background gauge field A 5 = diag({α i }) along the spatial circle, breaking U (N ) to U (1) N . We also introduce the fugacity variable, w, counting the winding number k of the little strings. For a given U (k) gauge theory, we fix k. The above index is the grand partition function. We use the subscript 'inst' (standing for instantons) in the 6d SYM interpretation, as we have already explained that the gauge theory index will acquire contributions only from the Higgs branch.
It is also useful to consider the full index of the type IIB little string theory, compactified on a circle with large radius R B (α )
The index is defined in the same way as (2.5) , where the trace is taken over the whole BPS Hilbert space of the 6d theory in the Coulomb phase. This is a BPS partition function on R 4 × T 2 . Apart from (2.5), one finds extra contribution from the 6d perturbative SYM states, which are decoupled with the winding strings at low energy. The full index thus factorizes as
The 6d perturbative index, Z IIB pert , counts the modes which only carry momenta along the circle. This can be computed as follows. The momentum along the circle preserves supercharges Q aα+ and Q Aα − , and breaks Qα a+ and Q A α− . The Goldstino zero modes coming from the broken SUSY generators contribute to the single particle index with the following factor, . Therefore, the single particle index of the particle carrying KK momentum is given by [17] ,
The single particle index of the 6d perturbative particles is given by
The contribution of the winding IIB little strings Z IIB inst is given in terms of the elliptic genera Z k of the k instanton strings by 12) where Z k=0 ≡ 1. Z k is given by the sum of the terms characterized by
The sum of the numbers of the boxes
The elliptic genus is given by [15, 16] 
13) 
's' denotes a box in the Young diagram Y i . h i (s) is the distance from the box 's' to the edge on the right side of Y i that one reaches by moving horizontally. v j (s) is the distance from 's' to the edge on the bottom side of Y j that one reaches by moving vertically. See e.g. [17] for more details and illustrations. The expression (2.13) may be computed by the contour integration formula given in terms of the Jeffrey-Kirwan residues [18, 19, 20] , as explained in [21] .
IIA little strings
Type IIA NS5-branes realize 6d IIA little string theory, with N = (2, 0) supersymmetry. The light degrees should be made of B µν world-volume tensor gauge field whose field strength is self-dual in 6d, and 5 scalars, φ I=1,2,3,4 and φ, and fermions. φ I=1,2,3,4 parametrize the transverse R 4 of type IIA string theory, and φ is a compact scalar parametrizing the position of the 5-branes along the M-theory circle. The little strings are type IIA fundamental strings bound to the NS5-branes. In M-theory, type IIA fundamental strings uplift to M2-branes wrapping the M-theory circle. The limit g s → 0 with a fixed α yields the N = (2, 0) little string theory.
The 2d little string gauge theory valid at R A (α ) 1 2 has been studied in [7] , in the 'Coulomb phase' with nonzero φ, separating all M5-branes along x 11 . [7] discussed it in the context of type IIB strings on A N −1 singularity, but let us review it in the M-theory context here. The M-theory branes are shown in Fig. 1 , where the M-theory circle radius is given by R M = g s s (where α = 2 s ). See also Table 2 for coordinates. The tension of the strings is given by ∼
in the original type IIA string theory, and we are interested in the low energy 2d theory at excitation energy E g YM , where g YM is the 2d gauge coupling scale. To ease the construction of this theory, we compactify x 9 direction along a circle with radius R M . Since NS5-branes are localized at x 9 = 0 and M2-branes are attached to them, this compactification cannot be seen by the low energy CFT on the strings, although it will be seen by the UV gauge theory we construct. Now we make a 9-11 flip, regarding x 9 as the M-theory circle direction. The new type IIA theory would have its own coupling and string scale g s , s , satisfying
The tension of the string given by the D2-branes suspended between NS5-branes is
s , same as in the original type IIA picture. Now the low energy 2d theory living on the D2-branes is easy to identify. It is a circular quiver U (k) N gauge theory with N = (4, 4) supersymmetry [22] . Each gauge node
and fermions, where α,β are the
There is a bi-fundamental hypermultiplet mode connecting adjacent gauge node, and between i'th and i + 1'th node, the fields are denoted by complex scalars Φ
(i)
A and fermions. Compared to be previous type IIB setting, or the original type IIA setting, in which we had SO(4) = SU (2) L2 × SU (2) R2 R-symmetry, only the diagonal SU (2) D survives after the x 9 circle compactification. So the doublet A index can be regarded as the identification of the previous a and A indices. The (4, 4) supercharges are Q A α+ , Q Ȧ α− , subject to reality conditions. The SU (2) D UV symmetry is supposed enhance to full SO(4) in IR, but is invisible in UV. The incapability of seeing the second Cartan of SO(4) from this UV theory will make it impossible to study the full IR elliptic genus. This will be a motivation to study a (0, 4) supersymmetric UV gauge theory for the type IIA little strings, in section 3.1.
The coupling for the i'th U (k) gauge field is given by
which remains finite in the little string decoupling limit g s → 0. All these couplings become large in the further IR limit on the strings E g YM,i . One can turn on three FI parameters ζ The gauge theory has U (k) N Coulomb branch, whose scalars represent the motion of D2-branes along 1234 directions. This would define the Coulomb branch CFT which is relevant for studying the IIA little strings. On the other hand, the N fractional strings suspended between different adjacent pairs of NS5-branes can combine to make a fully winding D2-brane along x 11 , which may leave the NS5-brane along the 6789 directions (among which x 9 is the circle direction of the M-theory). For instance, at k = 1, the positions of the D2-branes along 678 is parameterized by the Higgs branch scalars, breaking U (1) N to U (1) which lives on the D2-brane separated from the NS5-branes. The U (1) gauge field on this D2 would dualize to a compact scalar, parametrizing the x 9 circle direction probed by the D2-brane. More precisely, at k = 1, the vanishing condition of the potential energy is given by
In the Higgs branch, one sets all a (i) αβ 's to be equal, so that the first equation is solved by breaking U (1)
. There is always a nonzero solution to the next equations, meaning that the Higgs branch is always attached to the Coulomb branch.
Since the Higgs branch now represents the strings leaving the NS5-branes, we are only interested in the Coulomb branch CFT in the IR limit. However, the Higgs branch cannot be detached from the Coulomb branch CFT by any deformation of the theory. This is in contrast to the 2d gauge theories for the type IIB strings, in which case the Higgs branch CFT of our interest could be detached from the Coulomb branch CFT by turning on U (k) FI parameters. In fact, with generic FI term ξ (i) I , the Coulomb branch will be all lifted by U (1) N → U (1). Since the elliptic genus formula of [19, 20] is computing the index of CFT with generic nonzero FI parameters, this formula will compute the unwanted Higgs branch index, with lifted Coulomb branch. Apart from the absence of the SU (2) L2 in UV, this is another reason that the above (4, 4) CFT is inconvenient for studying the little string spectrum.
One can also add fractional D2-branes to this construction. Namely, the number of i'th D2-branes between i'th and i + 1'th NS5-branes can be all different, n i , forming a circular
N = (0, 4) gauge theory descriptions
As explained, the N = (4, 4) gauge theories for IIA little strings only see SU (2) D ⊂ SO(4) part of the R-symmetry. Although we expect the symmetry enhancement to happen in IR, this means that the UV gauge theory would be of limited use. Also, studying the spectrum of the Coulomb branch CFT will be difficult with the approaches of [19, 20] . Closely following the idea of [13, 23] , we shall engineer (0, 4) UV gauge theories for the IIA string systems which resolve all these problems. Now on top of the IIA branes explained after the x 9 -x 11 flip, we also put one D6-brane Table 3 : Brane construction of 2d N = (0, 4) gauge theory Table 3 . Now with a D6-brane uplifting to the Taub-NUT space in M-theory, the gauge theory SU (2) which rotates 678 directions in weakly coupled type IIA is interpreted differently in the IR CFT of this gauge theory. Namely, the low energy limit of the 2d gauge theory is realized by taking the M-theory limit R M → ∞ (after the 9-11 flip): see (3.1). So the embedding of the UV gauge theory's symmetries into the infrared R-symmetry has to be understood in the R M → ∞ limit, where we have R 4 . The SO(3) rotating the asymptotic R 3 of Taub-NUT rotates the R 4 as SU (2) R2 in 'IR.' Also, after compactifying one more circle x 5 , we can turn on a background gauge field of the D6-branes, as A branes suspended between adjacent NS5-branes. Thick dashed lines between two circular nodes denote the bi-fundamental twisted hypermultiplets (Φ A , Ψα − ). Thin dashed lines between two circular nodes denote the bi-fundamental fermi multiplets Ψ β+ . D6-brane introduces extra fields: fundamental hyper multiplets (qα, ψ A − ) and Fermi multiplets ψ + ,ψ + . These fields are are summarized in Table. 4. As explained in the previous paragraph, and just like [13] , the chemical potentials for U (1) i and U (1) i+1 are locked as m i+1 − m i = m, so that one just has one U (1) m . Compared to the previous (4, 4) gauge theory for the IIA strings, the (0, 4) fields on the first and third lines of Table. 4 are forming the (4, 4) vector multiplet, which we decomposed as above since the system does not preserve (4, 4) SUSY. Also, the fields on the fourth and fifth lines form the previous (4, 4) hypermultiplet. They again make a twisted Higgs branch, which represents the degrees of freedom of fully winding D2-branes leaving the NS5-branes. The Coulomb branch of the (4, 4) theory is replaced here by the Higgs branch formed by the second and third lines, which is our main interest to study the IIA little strings.
The SUSY action of the (0, 4) gauge theory can also be easily constructed. From the (0, 2) supersymmetric formalism, one has to determine the holomorphic potentials E Ψ , J Ψ for each Fermi multiplet Ψ, ensuring the (0, 4) SUSY enhancement. For instance, see [24] for how this can be done. Here, following [24] , we simply write down these potentials for our theory. Let us call the (0, 2) Fermi multiplet from the (0, 4) vector multiplet as Λ i , which is made ofλ 11 and λ 22 . Then one should first take
for (0, 4) SUSY [24] . Here and below, we use the chiral superfield notation qα = (q,q † ),
for a while. We also inserted the FI parameter ξ C for later use, which corresponds to turning on worldvolume B µν field on 1234 directions. The above J, E should be accompanied by other J, E functions for other Fermi fields, to satisfy Ψ E Ψ J Ψ = 0 after summing over all Fermi multiplets Ψ. This is another requirement from SUSY. To meet the last condition, one should turn on the following potentials for other Fermi multiplet fields:
The bosonic potential is
After some rearrangement, one obtains
where ξ 3 = ξ R and ξ 1 + iξ 2 ∼ ξ C , with manifest SU (2) R1 × SU (2) R2 symmetry.
Note that with nonzero ξ m , q iα fields are required to be nonzero at low energy, which lift the twisted Higgs branch of Φ iA . Namely, even if n 1 = n 2 = · · · = n N , they cannot combine and leave the NS5-branes unlike the N = (4, 4) model. Also, the previous (4, 4) Coulomb branch fields a αβ form (0, 4) Higgs branch fields, together with new degrees qα. The (0, 4) setting will thus be computing the correct little string elliptic genus. However, the (0, 4) elliptic genus will also capture a subtle trace of the presence of a D6-brane from the sector with n 1 = n 2 = · · · = n N , in which case the D2-branes make full windings along x 11 . This can be easily accounted for and factored out, after which we shall be obtaining the IIA little string index. We shall explain this in section 4.
The elliptic genus of IIA little strings
We define the index of IIA little string theory wrapping a spatial circle along x 5 , as follows, An M2-brane suspended between the i'th interval between the M5-branes, (α i , α i+1 ), carries nonzero charges Π i = 1 and Π i+1 = −1. The charges e i −e i+1 form the simple roots of the A N −1 algebra, for i = 1, · · · , N − 1. The last charge e N − e 1 , is accompanied by an extra winding, so the whole N roots become the simples roots ofÂ N −1 . The fugacity variables corresponding to these simple roots are given by
where α ij = α i − α j . For convenience, we introduce α N +1 , where e −2πiα N +1 = e −2πiα 1 w .
For large R A , the low energy degrees living on the winding strings decouple from the 6d degrees on the 5-branes. So the index of the IIA little string theory on R 4 × T 2 factorizes as
Z IIA mom comes from the momenta on N separated M5-branes wrapping a spatial circle. Unlike the IIB perturbative index Z IIB pert which had massive W-boson contributions, the IIA 5-brane does not have extra massive particle states in it (because it only has strings). So this contribution should factorize into N single 5-brane contributions. It can be computed either from N Abelian tensor multiplet, or equivalently from the multiple D0-brane index bound to a single D4-brane [17] . The result is
where
(3.11)
The contribution Z IIA string comes from the elliptic genera of the (0, 4) gauge theory theory that we have explained in the previous subsection. This elliptic genus can be computed by the contour integral using the Jeffrey-Kirwan residues [19, 20] , or the refined topological vertex method with (p, q)-fivebrane web obtained by T-dualizing the branes along x 5 [13] . By summing up the elliptic genera over all possible n i numbers, one obtains Z IIA string . The result is labeled by sets of N Young diagrams, {Y 1 , ..., Y N }, where A is not completely decoupled. We shall explain at the beginning of section 4 what contribution we expect to get from this decoupled sector.
T-duality of protected little string spectra
The IIB little string theory on a circle is supposed to be T-dual to IIA little string theory on the dual circle, with the radiii related by R A = 
The fractional momenta of IIB little string theory are dual to the fractional winding numbers of IIA little strings,
where α ij = α i − α j . T-duality between two little string theories is demonstrated by Fig. 3 .
T-duality between IIA and IIB little string theories would naively imply
As we stated at the end of section 3.1, using an alternative 2d (0, 4) gauge theory to compute the IIA elliptic genus (and thus the IIA little string index) will leave a subtle trace of the fact that we made a UV deformation of the gauge theory by putting an extra D6-brane. A spectrum change will happen in a sector with full wound D2-branes along x 11 , namely with states carrying the factors of fugacities w but not α i 's. Let us first explain this small subtlety in our IIA calculation. On the IIB side, consider the single particle states with zero electric charges (no dependence on α i ) and zero winding (w 0 order). This contribution is contained in the Z IIB pert factor. In particular, it comes from the N Cartan modes of the 6d U (N ) SYM. Their partition function is given by
In the IIA side, this will correspond to a sector with fully wound D2-branes along x 11 , at (q ) 0 order with n 1 = n 2 = · · · = n N . At ξ m = 0 in section 3.1, there is an extra twisted Higgs branch which meets the Higgs branch of our interest. The former sector will represent the little strings leaving NS5-branes. The two sectors would decouple in IR, but the 2d gauge theory contains both in its Hilbert space. Now by turning on the FI term ξ m , the continuum of twisted Higgs branch will be lifted. However, after turning on ξ m , it often happens that there appear extra bound states of the continuum degrees with the remaining 2d strings of our interest. For instance, see [21] and references therein for many occasions in which extra bound states occur at nonzero FI parameters. From the (0, 4) computation of the IIA side, we shall find
in the same sector, instead of (4.3), where
give an account for why Z extra should be appearing due to our (0, 4) deformation of the UV theory. With this understood, we should define the true IIA index as the expression computed in section 3.2 divided by Z extra . We call thiŝ
We shall find thatẐ
which we checked for the cases with N = 1, 2, 3. This will establish the T-duality of the strong-coupling little string spectra via the elliptic genus calculus.
We first explain (or at least heuristically understand) how Z extra would be appearing in our (0, 4) calculus. Consider the sector with n 1 = · · · = n N ≡ n, forming n full winding branes which have the right quantum number to leave the NS5-branes. We weight n windings by (w ) n , and relax the constraint on fixed n. We would like to count the BPS bounds of these strings with N NS5-branes directly, not using the elliptic genus formula of [19, 20] . We shall do so without and with one D6-brane, to clearly compare. For convenience, we T-dualize along the x 11 circle, and obtain many D1-branes along 05, N -centered Taub-NUT on 678 and 11 circle, and optionally a D5-brane along 012345 with B µν (FI term) on 1234. Firstly, without D5, any number n of wrapped D1-branes can form a bound state of multiply wound single string. For each massive particle of this sort, we study its ground state wavefunction on the N -centered Taub-NUT. This space has N normalizable harmonic forms, so that there could be N possible bound states of the original N NS5-branes with this particle. The index for this particle is thus N I + ( 1,2 , m)(w ) n , where N comes from N normalizable harmonic forms. The I + factor appears because this is exactly the same type of bound states as the half-BPS W-bosons in SYM, as in the IIB setting. Summing over n and considering the multi-particle Hilbert space, one exactly obtains (4.3) with q replaced by w . Note that we have arrived at this conclusion by a direct counting, without any deformation by continuous parameters, so this should be part of the IIA little string index. Now we consider the same problem after placing one D5-brane with FI parameter (B µν background). The setting of section 3 was that D6 and N NS5-branes are placed at the same point of R 3 in the 678 directions. Now T-dualizing along x 11 , one finds a D5-brane on top of the R 4 /Z N singularity of unresolved Taub-NUT. Now, among the N normalizable harmonic forms of N -centered Taub-NUT, N − 1 of them are supported at the Z N singularity, where D5 is sitting. Since the fully winding D1-branes are forced to be bound to D5 at the tip due to the FI parameter, D1-branes stuck to D5 can still assume one of these N − 1 bound state wavefunctions. The multi-particle index of the bounds is P E[(N − 1)I +
]. However, the last normalizable harmonic form of Taub-NUT is not localized at the tip, so D1-branes confined to D5 cannot be in this bound state. (The forbidden wavefunction is in the twisted Higgs branch.) This accounts for the second term on the left hand side of (4.4). Now, note that n D1-branes can also form threshold bounds with single D5-brane, whose partition function is given by P E[I − w 1−w ] [17] . (This extra contribution is also from the twisted Higgs branch, since the D2-D6 bounds still exist after displacing D6-NS5's.) This explains the first term of (4.4), and thus the origin of Z extra . By the discussions of this paragraph, it clearly comes from having D6-brane and nonzero FI parameter, causing extra bound states or destroying some in the twisted Higgs branch. So with this understood, T-duality would imply (4.6).
One NS5-brane
We start by considering the index of the U (1) IIB theory, although this should be a free theory. The perturbative contribution is given by
The U (1) instanton string partition function is given by
The full index of the U (1) theory is given by
To further explain this index, consider the single instanton string index given by
where θ 1 (q; a ± b) ≡ θ 1 (q; a + b)θ 1 (q; a − b). In terms of Z 1 , we find that the multi-instanton string index is given by the Hecke transformation of Z 1 ,
where q = e 2πiτ . This is checked up to high orders in w and q.
The partition function given by the Hecke transformation appears, for instance, in conformal field theories on symmetric product target spaces. This is closely related to the fact that the moduli-space of U (1) multi-instantons is a symmetric product of the single instanton moduli space R 4 . More precisely, the symmetric product CFT was suggested to be the theory at nonzero world-sheet theta angle θ = π [6, 10] . Since the elliptic genus would be insensitive to the continuous parameters, away from ζ I = 0, θ = 0, it is natural to have (4.13).
On the IIA side, the 2d N = (0, 4) quiver gauge theory itself has an enhanced N = (4, 4) SUSY, and becomes precisely the same to the 2d N = (4, 4) ADHM gauge theory for IIB strings. Therefore, The extra factor Z IIA mom on the IIA side is given by
So the T-duality relation (4.6) is equivalent to Z IIA ( ± , m; q , w ) being invariant under the exchange of q and w . The last property is in fact true, which can be understood as the geometric duality of the 5-brane web obtained by T-dualizing our IIA brane setting along x
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[25], as shown in Fig. 4 . If we write Z IIA ( ± , m; q , w ) as 
where t = e 2πi + , u = e 2πi − , y = e 2πim . We checked the symmetry of q ↔ w exchange up to 5th orders in q and w .
Furthermore, defining the following variables,
triality of exchanging (q,ŵ, y) has been discovered in [25] . This is also a geometric duality of Fig. 4 . Triality is simply realized on the universal covering of the torus, as a subgroup of Sp(4, Z) duality. To deal with (q,ŵ, y) in equal footing, we redefine the index, including extra perturbative contributions at y 1, as
WritingZ asZ ( ± ;q,ŵ, y) = P E I comzsp ( ± ;q,ŵ, y) ,
z sp is given bŷ z sp ( ± ;q,ŵ, y) =q +ŵ + y − (u + u −1 )(qŵ +qy +ŵy) + (1 + u 2 )(t +
reconfirming the expected triality of [25] . It is curious to note that the triality implies the T-duality of IIA/IIB strings.
Two NS5-branes
The index of U (2) IIB little string theory is given by
where 
The index for the rank 2 IIA little string theory is given bŷ
where we inserted q = w, w = q. Z extra (q) is given by
string ( ± , m; w), from the symmetry of the quiver.
string ( ± , m; w) can be easily obtained from (3.13). For instance,
We write the indices of the IIA/IIB little string theories as 
37) 
43) and further up to F 444 (t, u, y).
Let us define the following variables,
We can checkŵ ↔ y exchange symmetry of the index. This is an analog of the triality exchanging (q,ŵ, y) at N = 1. It can be understood as a geometric duality of the dual (p, q)-fivebrane web diagram Fig.5 of the rank 2 little string theory. Namely, let us define the index
We find thatZ is invariant under theŵ ↔ y exchange, to some high orders in fugacities. 
Three NS5-branes
The index of U (3) IIB little string theory is given by The index of the rank 3 IIA little string theory is given bŷ
Z extra (q) is given by
is invariant under the permutation of n 1 , n 2 and n 3 , from the symmetry of the quiver. The elliptic genera of the IIA fractional little strings, Z (n 1 ,n 2 ,n 3 ) string , are obtained from eq.(3.13). For example,
We write the IIB/IIA indices as
where I com is given by eq.(4.20). The coefficients F ijkl (t, u, y) are polynomials of t, u, and y,
T-duality implies that
We checked this for higher orders of the fugacity variables. F ijkl are given by and so on.
For the rank 3 indices, we can also check the duality of exchangingŵ = wy −1 and y.
SL(2, Z) transformations of the elliptic genus
The index of the winding IIB little strings is given by q and w are given by q = e 2πiτ , w = e 2πiρ ,
where τ = i R β R IIB is the complex structure on the torus, α ρ = iR β R IIB is the Kähler parameter of it, and R β is the radius of the temporal circle.
The modular transformation of the Jacobi's theta function is given by where n N +1 = n 1 . Via T-duality relation, this would imply a definite S-duality transformation of Z IIB in ρ, which would have been difficult to obtain directly without knowing the T-dual expression. Note that the above S-duality transformation becomes paraticularly simpler when n 1 = n 2 = · · · = n N : The prefactor can be absorbed into a scaling of w = q fugacity, conjugate to n. This expression might be useful to understand the DLCQ of type IIB little strings, in which U (n) N gauge theory description was used [7] .
Concluding remarks
In this paper, we explored the 2 dimensional N = (4, 4) and N = (0, 4) gauge theory descriptions of macroscopic IIA/IIB little strings. In particular, we proposed a new (0, 4) gauge theory which enables the computation of the IIA strings' elliptic genera. We used these elliptic genera to study the little string T-duality.
The elliptic genus is enjoying SL(2, Z) × SL(2, Z) symmetry on the complex structure τ and Kahler parameter ρ of the torus. Interesting extended dualities were studied in [25] for 6d maximal SYM theory compactified on T 2 , from its Seiberg-Witten curve. It will be interesting to see whether a larger duality than what we explored here is realized in the elliptic genera.
It will also be interesting to see if one can study the T-duality of elliptic genera for the heterotic little string theories, living on the heterotic 5-branes in the SO(32) and E 8 × E 8 theories. Just like our IIA strings are closely related to the 'M-strings' of 6d (2, 0) CFT, the E 8 × E 8 little strings would be closely related to the so-called E-strings of the 6d (1, 0) CFT, with E 8 global symmetry [26, 27] . The E-string elliptic genera have been recently studied in [28] , from 2d (0, 4) gauge theories.
Finaly, the self-dual string elliptic genera in 6d SCFTs turn out to be related to other interesting observables, such as the superconformal indices [29] . It will be interesting to see if the elliptic genera for little strings also find similar interesting applications.
